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Inrariant  Diffsrentlal  Systeoa  auod 
Canonloal  Forms  of  I*  Cartan 
>>7 

H*  H*  Johnson 

Ona  of  the  early  applications  of  continuous  transformation 
groups  and  pseudo  groups  was  to  inrariant  systems  of  ordinary  and 
partial  differential  equations*  Much  of  this  work  was  done  by 
S*  Lie  6]  and  E*  Vessiot  C7]  before  Caxtan's  contributions 
to  infinite  continuous  pseudo  groups  Cl]*  The  purpose  of  this 
paper  is  to  develop  parte  of  the  older  theory  of  Lie  and  Vessiot 
in  Cartan' s  context*  We  show  the  essential  role  played  by  Cartan' s 
canonical  forms  in  determining  invariant  systems*  Automorphic 
systems  can  be  completely  described  in  a  manner  similar  to  Lie's, 
but  Cartan' s  inrolutiveness  together  with  an  additional  hypothesis 
yield  more  complete  results  than  in  the  older  theory*  Also,  follow¬ 
ing  Cartan  the  theory  takes  a  'V:oordinate-free"  form*  Definitions 
will  be  those  of  M*  Kuranishi  [3*  4^]*  In  this  paper  we  will  always 
assume  manifolds,  functions,  and  forms  are  real  and  infinitely 
differentiable  * 


Invariant  Systems 

n  is  a  manifold*  G  Is  a  continuous  infinite  pseudo  group 
of  local  tranmormations  of  H  into  itself  which  is  complete,  l*e* 
restrictions  of  trandbrmations  to  open  subsets  are  also  considered 
to  be  in  G*  [4]  £  is  an  ideal  of  exterior  differential  forms  on 

n  which  is  closed  under  exterior  differentiation  and  generated  by 
l-forms  and  their  exterior  derivatives  C5]*  A  solution 
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of  E  Is  a  aubasnlfold  F:  H  -•  H  of  H  such  that  -  0  for 

•▼6x7  4  iA  only  addlljonal  oonditlon  lapossd  on  E  is 

that  if  4  i*  s  l-fom  which  Is  *ero  on  ovary  solution  of  E,  than 
^  Is  a  linoar  combination  of  (Eaal  analytic  ayatams 

atudiad  by  E>  Cartan  hava  thia  proparty.)  Ona  can  ahow  that  if  E 
satlafiaa  thia  proparty  on  n,  than  it  contlnuaa  to  do  ao  whan 
raatrletad  to  an  open  subset  of  H« 

Daf inltion  1*  E  is  invariant  under  G  if  for  every  solution 
F:  N  -•  M  and  every  f  in  G  having  domain  U  which  intersects 
the  range  of  F,  fP:  F“^(U)  -  M  is  also  a  solution  of  E. 

Definition  ?.  It  is  assumed  that  G  is  in  normal  form. 

This  means  that  there  are  on  M  real-valued  functions  y^  t • • *  »y^ 
and  l-forms  such  that/y every  point  p  in 

form  a  basis  of  the 

cotangent  space  and  G  satisfies: 

(1)  f  is  in  G  if  and  only  if  y^f  -  y^,  f*tu^  ■  for 


every  i 


’»P»  J  “  ^»***»Q» 


(2)  do/^  - 


where  the  functions  of  y^»...»y^4 

(3)  ^om  an  Involutlve  system  [1].  That  is,  on 

W  X  H  with  and  Pg  the  projections  of  M  X  M  onto  the 

first  and  second  factors,  respectively,  the  system  Xl  of  exterior 
differential  forms  generated  by  P|  ^  -  P|  y^Pj^  -  y^P2» 

i,  J,  with  Pj^(M)  as  independent  variables,  is  in  involution. 
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7or  our  purposes,  sjod  because  we  are  in  the  C^-  oategory, 
we  lapose  the  additional  hypothesis: 

(4)  every  integral  ot  CL  such  that  : 

H  -*  n  is  a  submanifold  of  n  is  contained  in  a  (maximal)  integral 
of  JT.  having  Pj^(M)  as  independent  variables ^  That  is,  there 
exists  a  solution  F:  M  -*  M  X  H  with  F^F  -  identity,  and  a  map 
T;  H  -•  M  so  that  ^  ■  FT- 

Remark*  The  assumption  that  G  is  in  normal  form  does  not 
greatly  restrict  generality*  Many  pseudo  groups  on  M  may  be 
prolonged  to  a  manifold  M  X  M'  *  If  P:  M  X  M'  -•  M  is  the 
projection,  and  if  Z  on  K  is  invariant  under  G,  then  P*(E) 
is  invariant  under  the  prolonged  pseudo  group*  All  of  the  pseudo 
groups  studied  by  Cartan  could  be  prolonged  to  normal  form*  Also, 
using  his  noimal  prolongations  one  may  as  well  assume  that 

expressed  as  a  linear  combination  of  dy^,***, 

dy^,  O/  ^,  *  *  * , 

Theorem  1* 

m  s^^dy^  -  i  -  l,***,m, 

where  s^^  and  t^^  are  functions  of  y^,***»y^,  then  the  ideal 
£  generated  by  ^^,***,^  is  invariant  *  Conversely .  every 
invariant  ideal  generated  by  l-forma  which  are  linear  combinations  of 
dy^,*** ,dyP,  Ct)^,***,  is  generated  by  1-foms  of  the  type 

above » 

Proof*  The  first  assertion  follows  from  condition  (1)  in  the 
definition  of  normal  form* 
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ConTersely,  suppose  ^  is  a  l-fora  in  an  Inyarlant  ideal 
Z  and  f  is  in  G  having  domain  U*  Then  is  zero  on 

every  solution  of  S  restricted  to  U*  Hence  f*^  is  a  linear 
combination  of  the  generators  of  Z* 

Let  P^»***»3*  denote  the  generators  of  S,  eind  let 

denote  dy^,*..,d7^,  in  some  order* 

Given  that  the  3^  are  linear  combinations  of  the  ib  can 

be  supposed  that 


3 


1 


p+q-m 

E 

k-1 


i 


1 


,n. 


If  f  is  in  G,  then 

p+q- 


t  *  i  ni_v 

-  z  (A\f)y.“  i  -  l,...,m. 

i  1 

But  also  is  a  linear  combination  of  0  2 

-,oi  .i  flh  5  ^i  .h  ^,,n-k 

fp  -  c  ^3  -  Z  c  -  Z  Z  c 

n»l  n*l  icsl 

i  •  l,***,m*  Since  dy^,**.,dy^,  Co*^,**'*  are  linearly 

independent  at  every  point  of  M,  c^^  »  hence  f*3^  “  3^ 

for  every  f  in  G*  Moreover,  these  coefficients 

are  invariants  and  consequently  functions  of  y^,***»y^*  Q*E*D* 
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▲utoMorphle  SysteM 

Definition  3»  An  exterior  differential  system  on  M  X  N 
with  Independent  variables  N  la  a  pair  (S'  ,N)  where  Z'  is 
an  ld?al  of  exterior  differential  forms  on  fl  x  N  closed  under 
exterior  differentiation,  and  N  Is  a  manifold*  A  solution  of 
(S'  ,N)  is  a  submanifold  P;  V  -•  M  x  N  where  V  is  an  open 


subset  of  N,  PjjP  ■ 

identity. 

V 

is  a  submanifold  of 

M,  and 

P*^  ■  0  for  every 

^  in  S'* 

and  Pj^  denote  the 

projections 

of  115  onto  N  and  M,  respectively*) 

Definition  4*  Two  solutions  P^:  V  -»  M  x  N  and  F^: 

V  -•  M  X  N  of  (S' ,5)  are  called  equivalent  under  G' ,  a  pseudo 
group  on  M  X  5,  if  for  every  p  in  V  there  is  an  f  in  G' 

whose  domain  U  contains  Pj^(p)  such  that  f'Fj^  ■  F2  on  P^”^(U)* 
Definition  5*  (S' ,5)  is  automorphlc  under  G'  if  every  two 

solutions  Pj^;  V  -•  MN  and  F2:  V  -•  MN  are  equivalent,  and  if  S' 
is  invar ieuit  under  G '  * 

Now  let  G  be  as  before  a  pseudo  group  on  M*  Por  every  f 
in  G  having  domain  U,  consider  on  U  X  N  the  transformation 
f'(u,n)  -  (f(u),n),  u  in  U,  n  in  N*  That  is,  Pjjf  -  fP^* 

The  collection  of  all  such  f  together  with  their  restrictions  to 
open  subsets  forms  a  complete  pseudo  group  G'  called  the  trivial 
isomorphic  prolongation  of  G  to  M  X  N* 

Proposition  1.  Let  G  on  M  be  in  normal  form  with  invariants 
U>^****»  Let  P^:  N  M  be  any  submanifold  of  M* 

Let  G'  denote  the  trivial  prolongation  of  G  to  H  X  N*  Define 
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S*  to  be  the  ideal  of  exterior  differential  foraa,  closed 
exterior  differentiation,  on  M  X  N  generated  by 

-  y  ^o^H*  ^  “  1»***»P» 


“i-nder 


pj  -  pjp;  j  .  1, 


iJ 


,q. 


Then  (£'  ,N)  is  automorphic  under  the  trivial  prolongati<)| 

Proof*  Let  Fj^:  V  -»  M  and  F25  V  -•  M  be  two  solut^uj^  g  of 

(E-,S).  Then  pVi  ’  “■*  ^Vl  '  A  "  Hence 

7V1  ■  1-1 . .  Slellarlp,  (P^P^)'  <*/•>.  j  ^3 


Now  consider  the  ideal  CL  on  M  x  M  of  Definition 


U 


submanifold  |  :  V  -  M  X  M  defined  by  <f(q)  -  (-qj) 

is  an  integral  submanifold  of  Jfl  by  the  remarks  of  the  px 

'w^lOUS 

paragraph*  Moreover,  Pi  f  •  Ph'i  is  a  submanifold  of  | 
hence  by  (4)  in  Definition  2,  ^  is  contained  in  a  solut:),^ 
maximal  dimensions*  This  solution  defines  an  element  f 

tf  G, 

and  ■  ^m^2*  follows  that  ■  ^2*  at  S* 

is  invariant  is  a  consequence  of  Theorem  1*  Q*E*D* 

Proposition  2*  Let  £  be  Invariant  on  M  under  G  .. 

Bd 

have  a  solution  P^;  N  -•  M*  Let  £'  be  the  ideal  constriij^^ 
Proposition  1  from  P^*  Lot  £' '  denote  the  ideal  Pj|(£) 
n  X  H*  If  (£"  ,N)  is  automoxnphic  under  G* ,  then 

j  BJoa, 

(£"  ,N)  have  the  same  solutions* 

Proof*  If  P:  V  -  n  X  N  is  a  solution  of  CE".HV  .  . 

-  *  -c  it  wiat 

be  equivalent  to  P^  defined  by  P^(q)  ■  (ro(q).q)‘  locally 

one  can  write  P  -  f'Pl  for  some  f  in  G'*  PI  is  tpL^  ,, 

0  o  ^il(a  ally  a 
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solutlon  of  and  S'  la  invariant  under  G*  •  Hence 

f'F^  ■  F  is  locally  a  solutio:i  of  (S'^N)*  But  then  it  aust 
he  a  global  solution*  The  siuie  reasoning  shows  any  solution 
of  (S' ,N)  to  bo  a  solution  o;r  (E",N).  Q.E.D. 

These  two  propositions  provide  a  complete  description  of 
automorphic  systems*  The  author  has  been  unable  to  find  a  similar 
extension  of  the  Lie-Vessiot  theory  of  decomposition  of  invariant 
systems  by  quotient  pseudo  groups  into  resolvents  and  automorphic 
systems*  C2] 


